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fluidAbstract This study investigates the influence of heat generating/absorbing fluid on fully devel-
oped mixed convection flow in a vertical micro-concentric-annulus (MCA) taking into account
the velocity slip and temperature jump at the outer surface of inner cylinder and inner surface of
outer cylinder. Exact solution of momentum and energy equations is derived separately in terms
of Bessel’s function of first and second kind for heat generating fluid and modified Bessel’s function
of first and second kind for heat absorbing fluid. The solutions obtained are graphically represented
and the effects of governing parameters on flow formation and heat transfer aspects are investigated
in detail. During the course of numerical computations, it is found that increase in heat generation
parameter enhanced the temperature and velocity of the fluid but reduced the rate of heat transfer at
the outer surface of the inner cylinder while the reverse trend is observed for heat absorbing fluid.
 2016 Ain Shams University. Production and hosting by Elsevier B.V. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
In industrial and technological applications, convective flow in
a vertical micro annulus has received great interest in the
recent years because of its importance such as design and opti-
mization of micro devices in micro-electromechanical system
(MEMS), drug delivering, DNA sequencing and bio-MEMS.Nano-electric mechanical system is often used for integrated
cooling or heating in micro-reactor devices. Current applica-
tions of such devices include micro-channel heat sink, microjet
impingement cooling and micro heat pipe [1–3]. Heat sink is
used in cooling micro electronics devices such as motherboard
of a computer and other microchips. In microfluidic system,
the small dimensions encountered in microfluidic devices can
result in gas rarefaction. The dimensionless Knudsen number
ðKnÞ determines the division of rarefield gas flow. The Knud-
sen number is defined as the ratio of the molecular mean free
path (k) to characteristic length scale. For a given fluid flow
problem, when Kn < 103, the flow domain can be treated as
a continuum, in which the Navier-Stokes equation in
conjunction with the no-slip wall boundary conditions
becomes applicable. For Kn > 10, the flow becomes free
molecular in nature, because of negligible molecular collisions.bsorbing
Nomenclature
CP specific heat at constant pressure
Dh hydraulic diameter, 2ðr2  r1Þ
Fv tangential momentum accommodation coefficient
Ft thermal accommodation coefficient
g gravitational acceleration
Gr Grashof number
h convective heat transfer coefficient
H dimensionless heat generation or absorption
parameter
k thermal conductivity of the fluid
Kn Knudsen number, k=Dh
Nu1 Rate of heat transfer at the outer surface of the in-
ner cylinder
Nu2 Rate of heat transfer at the inner surface of the
outer cylinder
P pressure difference, p0  p00
Pr Prandtl number
Q0 dimensional heat generation/absorption parameter
Re Reynold’s number, u0Dh=m
r ratio of radiuses, r1=r2
r1 radius of the inner cylinder
r2 radius of the outer cylinder
w ratio of wall temperature differences defined in Eq.
(9)
s1 fluid properties on inner cylinder
s2 fluid properties on outer cylinder
T temperature of the fluid
T0 reference temperature of the fluid
T1 temperature at outer surface of the inner cylinder
T2 temperature at inner surface of the outer cylinder
Tw wall temperature
u0 mean velocity
u axial velocity
U dimensionless axial velocity
z; r axial and radial coordinate, respectively
Z;R dimensionless axial and radial coordinate, respec-
tively
Greek symbols
a thermal diffusivity of the fluid
b thermal expansion coefficient
bv; bt dimensionless variables defined in Eq. (9)
c ratio of specific heat
k molecular mean free path
l dynamic viscosity
q density
m fluid kinematic viscosity
h dimensionless temperature defined in Eq. (9)
hb bulk temperature
2 B.K. Jha et al.For 103 < Kn < 101, the slip flow regime is considered and
the no-slip boundary condition becomes invalid, though con-
tinuum conservation equations are used to characterize the
bulk flow. For 101 < Kn < 10þ1, the transition flow regime
occurs and the continuum hypothesis progressively ceases to
work totally [4]. In this study, the slip flow regime
ð103 < Kn < 101Þ is considered in order to study the hydro-
dynamic and thermal behaviour of fully developed mixed con-
vection flow in a vertical micro-concentric-annulus (MCA) in
the presence of heat generating/absorbing fluid.
Several studies have been conducted on forced convection
fluid flow in micro channels and micro tubes. However, studies
on free and mixed convection are less. For natural convection,
Chen and Weng [5] studied analytically the fully developed
natural convection in an open-ended vertical parallel plate
micro channel with asymmetric wall temperature. They con-
cluded that the effects of rarefaction and fluid wall interaction
enhanced the volume flow and reduced the heat transfer rate.
This result is further extended by taking into account suc-
tion/injection on the microchannel walls by Jha et al. [6]. They
concluded that skin-friction as well as rate of heat transfer
strongly depends on the suction/injection parameter. In
another work, Jha and Aina [7] also extended the work of
Jha et al. [6] to the mixed convection flow in a vertical
micro-porous-channel (MPC). In their work, they reported
that the probability of reverse flow formation reduced at cold
wall of the micro-porous-channel as Knudsen number and
fluid - wall interaction parameter increase. The transient
hydrodynamics and thermal behaviours of fluid flow in an
open – ended vertical parallel – plate microhannel, under the
effect of the hyperbolic-heat-conduction model, werePlease cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20investigated semi-analytically in [8]. Numerical solutions were
obtained by Buonomo and Manca [9] for natural convection in
parallel-plate vertical microchannel due to asymmetric heating
by imposing constant heat flux on the boundaries. Buonomo
and Manca [10] further performed a numerical study on tran-
sient mixed convection in a vertical microchannel due to pre-
scribed heat fluxes on the microchannel surfaces. Cheng and
Weng [11] numerically investigated the creep effect on the flow
and heat transfer characteristics of developing natural convec-
tive microflow in the same geometry.
In other related article, Avci and Aydin [12] presented an
exact solution for fully developed mixed convection flow in a
vertical parallel-plate micro-channel with thermal boundary
conditions of first kind (Dirichlet conditions). In another arti-
cle, Avci and Aydin [13] examined the mixed convection flow
in a vertical microchannel with thermal boundary conditions
of second kind (Neumann conditions). Furthermore, Avci
and Aydin [14] performed a theoretical study on fully devel-
oped mixed convection flow in a vertical micro-annulus
formed by two concentric micro tubes and disclosed that
increasing the mixed convection parameter enhances heat
transfer while rarefaction effects considered by the velocity slip
and temperature jump in the slip flow regime decease it.
Recently, Jha and Aina [15] extended the work of Avci and
Aydin [14] to the case when the vertical micro-annulus formed
by two concentric micro-tubes is porous, i.e. where there is suc-
tion or injection through the annulus surfaces.
On the other hand, the role of heat generation/absorption
in moving fluids is important in view of several physical prob-
lems such as those dealing with chemical reactions and those
concerned with dissociating fluids. A lot of interests have beention flow in a vertical micro-concentric-annulus with heat generating/absorbing
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Figure 1 Physical model and coordinate system.
Steady fully developed mixed convection flow 3built in the study of flow of heat generating/absorbing fluid,
because as the temperature differences are increased apprecia-
bly, the volumetric heat generation/absorption term may
employ strong influence on the heat transfer and transitively
on the fluid flow. Chamkha [16] investigated non-Darcy fully
developed mixed convection in a porous medium channel with
heat generation/absorption and hydromagnetic effects and
concluded that the presence of either the magnetic field or
the heat generating effect or both causes the region of the
assured reversed flow zone to increase for asymmetric wall
temperature. The problem of the transient natural convection
flow between vertical parallel plates with heat sources/sinks
has been examined by Jha et al. [17]. They concluded that,
an increase in heat sink parameter decreases both the skin fric-
tion and Nusselt number. Also, Jha and Ajibade [18] studied
natural convection flow of heat generating/absorbing fluid
near a vertical plate with ramped wall temperature for differ-
ent values of Prandtl number and concluded that increase in
sink parameter decreases the temperature and velocity of the
fluid. In addition, Foraboschi and Federico [19] presented
the volumetric rate of heat generation/absorption which is
directly proportional to ðT T0Þ and explained that it is an
approximation of the state of some exothermic process with
T0 as the initial temperature. Sheikholeslami et al. [20] investi-
gated the influence of variable magnetic field on forced convec-
tion heat transfer in a semi annulus. In other work,
Sheikholeslami and Rashidi [21] discussed the impact of space
dependent magnetic field on free convection of Fe3O4 water
nanofluid in an enclosure and concluded that Nusselt number
is an increasing function of magnetic number, Rayleigh num-
ber and nanoparticle volume fraction while it is a decreasing
function of Hartmann number. Also, the study of mixed con-
vection flow in vertical annulus has been reviewed by Dawood
et al. [22]. Other experimental and numerical investigation on
mixed convection flow in an annulus can be found in [23,24].
Omid et al. [25,26] on the other hand investigated in detail
the cost effect due to entropy generation in a vertical annulus.
The aim of the present work was to extend studies available
in the literature and specially the work of Avci and Aydin [14]
on fully developed mixed convective heat transfer of a Newto-
nian fluid in a vertical micro-annulus formed by two concentric
microtubes by including internal heat generation/absorption
effect of working fluid inside vertical concentric annuli formed
by two infinite co-axial vertical cylinders. The flow and heat
transfer characteristic of the present problem are examined
for various values of non-dimensional parameters. The results
thus obtained were presented graphically by adopting a purely
analytical approach.
2. Mathematical analysis
Let’s consider a steady laminar fully developed mixed convec-
tion flow of an incompressible, viscous and heat generating/
absorbing fluid in a vertical micro-concentric - annulus. The
z-axis is taken along the axis of the cylinders in the vertical
upward direction and r-axis is the radial direction. The radius
of the inner cylinder and outer cylinder is r1 and r2 respectively,
as shown in Fig. 1. The outer surface of the inner cylinder is
heated to a temperature ðT1Þ greater than that of the surround-
ing fluid having temperature ðT2Þ and the inner surface of the
outer cylinder is maintained at temperature ðT2Þ. The flow isPlease cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20assumed to be fully developed both hydrodynamically and
thermally, and the viscous dissipation and compressibility
effects in the fluid and radiation effects are neglected. Further,
the axial heat conduction in the fluid and on the walls is
assumed to be negligible. In a similar manner following Avci
and Aydin [14], the usual continuum approach is applied by
the continuum equations with the two main characteristics of
the microscale phenomena, the velocity slip and the tempera-
ture jump. The velocity slip is defined as [14]
us1s2 ¼ 
2 Fv
Fv
k
@u
@r

r¼r1 ;r2
ð1Þ
where us1 and us2 are the velocity slip on the surfaces of micro-
annulus, ðk ¼ KnDh) is the molecular mean free path and Fv is
the tangential momentum accommodation coefficient, and the
temperature jump is defined in [14]
Ts1;s2  Tw ¼ 
2 Ft
Ft
2c
cþ 1
k
Pr
@T
@r

r¼r1 ;r2
ð2Þ
where Ts1 and Ts2 are the temperature of the fluid near the sur-
faces of micro-annulus and Tw is the temperature of the micro-
channel surface, Ft is the thermal accommodation coefficient
which depends on the fluid and surface materials, particularly
for air, and it assumes typical values near unity [14]. Through-
out the analysis, Fv and Ft will be assumed to be unity.
The mathematical model employed herein represents a gen-
eralization of the work discussed by Avci and Aydin [14] to
include the role of heat generating/absorbing fluid on fully
developed mixed convection flow in a vertical micro-annulus
formed by two concentric micro tubes. By using Boussinesq
approximation, the governing equations for momentum and
energy can be written in dimensional form as follows:tion flow in a vertical micro-concentric-annulus with heat generating/absorbing
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4 B.K. Jha et al.Conservation of momentum
l
r
d
dr
r
du
dr
 
þ bgq0ðT T0Þ ¼
dp
dz
ð3Þ
Conservation of energy
1
r
d
dr
r
dT
dr
 
Q
k
¼ 0 ð4Þ
The mathematical model used in the present work to cap-
ture the heat generation/absorption inside the fluid is [19]
Q ¼ Q0ðT T0Þ
By substituting the above expression into Eq. (4), we have
1
r
d
dr
r
dT
dr
 
Q0ðT T0Þ
k
¼ 0 ð5Þ
where b is the thermal coefficient, q0 is the mass density at tem-
perature T0 and T0 is the reference fluid temperature which
ensures a linear relation between the local mass density and
local temperature.
q ¼ q0½1 bðT T0Þ ð6Þ
The reference temperature is chosen as the mean fluid tem-
perature in any cross section of the duct is defined as [14]
T0 ¼ 2
r22  r21
Z r2
r1
TðrÞrdr ð7Þ
The boundary conditions are as follows:
u ¼ us1 at r ¼ r1
u ¼ us2 at r ¼ r2
T ¼ Ts1 at r ¼ r1
T ¼ Ts2 at r ¼ r2 ð8Þ
Introducing the following dimensionless parameters defined
in [14]
R ¼ r
r2
; r ¼ r1
r2
; Z ¼ z
ReDh
; Dh ¼ 2ðr2  r1Þ;
h ¼ T T0
T1  T2 ; U ¼
u
u0
; Kn ¼ k
Dh
Pr ¼ lCp
k
; bv ¼
2 Fv
Fv
; bt ¼
2 Ft
Ft
2c
cþ 1
1
Pr
;
w ¼ T1  T0
T1  T2 P ¼
p
q0u
2
0
; Gr ¼ gbDTD
3
h
l2
Re ¼ u0Dh
l
; H2 ¼ Q0r
2
2
k
ð9Þ
Eqs. (3) and (5) can be written in dimensionless form asUðRÞ ¼ 1
A
dP
dZ
R4
4
þ 1
H2
Gr
Re
J1ðHÞ  rJ1ðHrÞY0ðHRÞ  ½Y1ðHÞ
ðx2  x4Þ½J1ðHÞ  rJ1ðHrÞ  ðx1  x

Please cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.201
R
d
dR
R
dU
dR
 
þ Gr
Re
h dP
dZ
 
1
A
¼ 0 ð10Þ
1
R
d
dR
R
dh
dR
 
H2h ¼ 0 ð11Þ
where A ¼ 4ð1 rÞ2.
The boundary conditions that describe the velocity slip and
temperature jump conditions at the fluid wall interface are [14]
U ¼ 2bvKnð1 rÞ
dU
dR
at R ¼ r
U ¼ 2bvKnð1 rÞ
dU
dR
at R ¼ 1
h ¼ Ts1  T0
T1  T2 ¼ wþ 2bTKnð1 r
Þ dh
dR
at R ¼ r
h ¼ Ts2  T0
T2  T0 ¼ w 1 2bTKnð1 r
Þ dh
dR
at R ¼ 1 ð12Þ
From Eqs. (7) and (9), one can obtain the following con-
straint on temperature:
Z 1
r
hðRÞRdR ¼ 0 ð13Þ3. Analytical solutions
It should be mentioned that the form of the analytical solution
for temperature is different for a heat-generating [positive sign
in Eq. (11)] from heat-absorbing fluid [negative sign in
Eq. (11)]. Closed-form solutions will be developed for these
two cases.
3.1. Case 1: Heat generating fluid (source)
The energy equation, Eq. (11) with the positive sign in the sec-
ond term is a Bessel’s differential equation that has the follow-
ing closed form solution for energy equation after applying the
boundary conditions given in Eqs. (12) and (13)
hðRÞ¼ J1ðHÞ r
J1ðHrÞY0ðHRÞ ½Y1ðHÞ rY1ðHrÞJ0ðHRÞ
ðx2x4Þ J1ðHÞ rJ1ðHrÞ½ ðx1x3Þ Y1ðHÞ rY1ðHrÞ½ 
ð14Þ
where J0, Y0, J1 and Y1 are Bessel’s function of first and second
kind of order zero and one respectively.
Substituting Eq. (14) into the momentum equation Eq. (10)
and integrating two times and applying the boundary condi-
tions mentioned in Eq. (12) give rY1ðHrÞJ0ðHRÞ
3Þ½Y1ðHÞ  rY1ðHrÞ

þ C5 lnðRÞ þ C6 ð15Þ
tion flow in a vertical micro-concentric-annulus with heat generating/absorbing
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Steady fully developed mixed convection flow 5At any cross section in the channel, the dimensionless mean
velocity u0 can be defined as [14]
u0 ¼
R 1
r UðRÞRdRR 1
r RdR
¼ 1 ð16Þ
By applying the boundary condition given in Eq. (12) and
applying Eq. (16), the three unknown constants C5;C6 and
dP
dZ
are given below
C5 ¼ 1
x19 þ x16 ðx17  x14Þ
dP
dZ
þ ðx18  x15ÞGr
Re
 
;
C6 ¼ x14 dP
dZ
þ x15 Gr
Re
þ x16C5;
dP
dZ
¼ 1 r
2ð Þ
2x22
þ Gr
Re
x23
x22
ð17Þ
The dimensionless bulk temperature can be defined as [14]
hb ¼ Tb  T0
T1  T2 ¼
2
ð1 r2Þ
Z 1
r
RUðRÞhðRÞdR ð18Þ
Using Eq. (14), the convective heat transfer coefficient at
the outer surface of the inner cylinder can be obtained as fol-
lows [14]:
h ¼
kdT
dr

r¼r1
T1  Tb ð19Þ
Also, the convective heat transfer coefficient at the inner
surface of the outer cylinder can be obtained as follows [14]:UðRÞ ¼ 1
A
dP
dZ
R4
4
 1
H2
Gr
Re
½K1ðHÞ  rK1ðHrÞI0ðHRÞ þ I1ðHÞ  rI1ðHrÞ½ K0ðHRÞ
ðx5  x7Þ½K1ðHÞ  rK1ðHrÞ þ ðx6  x8Þ½I1ðHÞ  rI1ðHrÞ
  
þ C7 lnðRÞ þ C8 ð26Þh ¼
kdT
dr

r¼r2
T2  Tb ð20Þ
Similarly, the Nusselt number at the outer surface of inner
cylinder of the heat generating fluid in dimensionless form can
be obtained as [14]
Nu1 ¼
2ð1 rÞdh
dR

R¼r
hb  w ð21Þ
In like-manner, the Nusselt number at the inner surface of
the outer cylinder of the heat generating fluid in dimensionless
form can be obtained as [14]:
Nu2 ¼
2ð1 rÞdh
dR

R¼1
hb þ 1 w ð22Þ
It is of great important to know the values of mixed convec-
tion parameter Gr
Re
 
for which the velocity gives a negative
value (reverse flow). The critical values of mixed convection
parameter can be obtained from the turning point of the
velocity:
dU
dR

R¼r
¼ 0 and dU
dR

R¼1
¼ 0 ð23ÞPlease cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20at the outer surface of the inner cylinder (heated wall) and
inner surface of the outer cylinder (cold wall) respectively of
the heat generating fluid.
The critical Gr
Re
for heat generating fluid from Eq. (23) is
given as follows:
Gr
Re

R¼r
¼ x25
x26
and
Gr
Re

R¼1
¼ x32
x33
ð24Þ
for inner surface of the outer cylinder and outer surface of the
inner cylinder respectively.3.2. Case 2: Heat absorbing fluid (sink)
For heat absorbing fluid, the energy equation of Eq. (11) with
the negative sign in the second term is solved for energy equa-
tion subject to the boundary conditions given in Eq. (12).
Similar analysis as heat generating fluid is also carried out
for heat absorbing fluid and the following results are obtained:
hðRÞ¼ ½K1ðHÞ r
K1ðHrÞI0ðHRÞþ ½I1ðHÞ rI1ðHrÞK0ðHRÞ
ðx5x7Þ½K1ðHÞ rK1ðHrÞþðx6x8Þ½I1ðHÞ rI1ðHrÞ
ð25Þ
where I0, K0, I1 and K1 are modified Bessel’s function of first
and second kind of order zero and one respectively.
The velocity of the heat absorbing fluid can be written aswhere
C7 ¼ 1
x19 þ x16 ðx17  x14Þ
dP
dZ
þ ðx20  x21ÞGr
Re
 
;
C8 ¼ x14 dP
dZ
þ x21 Gr
Re
þ x16C7; ð27Þ
dP
dZ
¼ ð1 r
2Þ
2x22
þ Gr
Re
x27
x22
The bulk temperature, coefficient of heat transfer and Nusselt
number for the inner and outer cylinder for the heat absorbing
fluid follows directly from Eqs. (19)–(23).
Finally, the critical Gr
Re
for heat absorbing fluid from Eq. (23)
is given as follows:
Gr
Re

R¼r
¼ x25
x29
and
Gr
Re

R¼1
¼ x32
x30
ð28Þ
for outer surface of the inner cylinder and inner surface of
outer cylinder respectively and x1; x2; x3; x4 . . . are constants
defined in Appendix A.
4. Results and discussion
The solutions obtained above are function of the controlling
non-dimensional parameters: ratio of radii (r), mixedtion flow in a vertical micro-concentric-annulus with heat generating/absorbing
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Kn= 0.05, Pr= 0.7, r* = 0.5.
6 B.K. Jha et al.convection parameter Gr
Re
 
; Prandtl number ðPrÞ, and Knudsen
number ðKnÞ. The influence of these parameters on the veloc-
ity, temperature and Nusselt number (rate of heat transfer) is
discussed by plotting and interpreting the graphs usingPlease cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20Mathematical Laboratory software (MATLAB). The present
parametric study has been performed in the continuum and
slip flow regimes ðKn 6 0:1Þ. Also, for air and various surfaces,
the values of bv and bt range from near 1 to 1.667 and from
near 1.64 to more than 10, respectively. So, this study has been
performed over the reasonable ranges of 0 6 Kn 6 0:1. The
selected reference value of Kn, for the present analysis is 0.05
as given by Avci and Aydin [14]. In addition, the figures with
caption (a) represent the heat generating fluid (case I) while the
figures with caption (b) mean the heat absorbing fluid (case II).
Figs. 2a and 2b depict the effects of Knudsen number ðKnÞ
on temperature distribution. It is observed for both heat gen-
eration and absorption case, increasing Knudsen number leads
to decrease in temperature jump on the outer surface of the
inner cylinder. This is due to the reduction in the interaction
between the fluid molecules and the heated micro-annulus sur-
face. It is worth mentioning that there exists a point of inflex-
ion at the middle of the micro-annulus where the temperature
field is independent of Knudsen number.
Figs. 3a and 3b illustrate the influence of the heat genera-
tion/absorption parameter on the temperature distribution. It
is seen that, temperature increases as heat generation parame-
ter increases while reverse trend occurs in case of heat absorp-
tion parameter. This is due to the fact that as heat generation/
absorption parameter ðHÞ increases, the fluid become
warmer/colder respectively.
Figs. 4a and 4b exhibit the effect of Knudsen number ðKnÞ
on velocity distribution. It is observed that for both heat gen-
eration and heat absorption case, as Knudsen number
increases, the velocity slips at the surfaces of the cylinders
increases which reduce the retarding effects of the cylinder.
This yields an observable increase in the fluid velocity at the
surfaces of the cylinders. Furthermore, as Knudsen number
increases, the temperature jump increases and reduces the
amount of heat transfer from the surfaces of the cylinders to
the fluid. This reduction in heat transfer reduces the buoyancy
effect, which is one of the driving forces for flow formation and
hence reduces the fluid velocity far from the surfaces of the
cylinders.
Figs. 5a and 5b illustrate the effects of heat generation/
absorption parameter ðHÞ on velocity distribution. It is found
that, velocity is a decreasing function of heat absorptiontion flow in a vertical micro-concentric-annulus with heat generating/absorbing
16.08.005
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Figure 4a Plots of velocity for different values of Kn at H= 0.5,
Pr= 0.7, r* = 0.5, Gr/Re= 200.
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Figure 4b Plots of velocity for different values of Kn at H= 0.5,
Pr= 0.7, r* = 0.5, Gr/Re= 200.
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Figure 5a Plots of velocity for different values of H at
Kn= 0.05, Pr= 0.7, r* = 0.5, Gr/Re= 200.
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Figure 5b Plots of velocity for different values of H at
Kn= 0.05, Pr= 0.7, r* = 0.5, Gr/Re= 200.
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Figure 6a Plots of velocity for different values of Gr/Re at
H= 0.5, Kn= 0.05, Pr= 0.7, r* = 0.5.
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Figure 6b Plots of velocity for different values of Gr/Re at
H= 0.5, Kn= 0.05, Pr= 0.7, r* = 0.5.
Steady fully developed mixed convection flow 7parameter while the reverse trend occurs in the case of heat
generation parameter. Furthermore, velocity is higher at the
heated surface for heat generating fluid than heat absorbing
fluid.Please cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20Figs. 6a and 6b show the impact of mixed convection
parameter ðGr=ReÞ on velocity distribution. It is observed that
for both heat generating and absorbing fluid, increasing mixed
convection parameter ðGr=ReÞ leads to an enhancement in
fluid velocity at the outer surface of the inner cylinder, while
the result is just converse at the inner surface of the outertion flow in a vertical micro-concentric-annulus with heat generating/absorbing
16.08.005
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1
2
3
4
5
6
7
8
9
10
r*
N
us
se
lt 
nu
m
be
r f
or
 in
ne
r c
yl
in
de
r (
N
U
1)
Kn = 0.0, 0.02, 0.05, 0.08, 0.1
Figure 7a Plots of Nu for different values Kn and r* at H= 0.5,
Pr= 0.7, Gr/Re= 200 (R= r*).
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Figure 7b Plots of Nu for different values of Kn and r* at
H= 0.5, Pr= 0.7, Gr/Re= 200 (R= r*).
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Figure 8a Plots of Nu for different values of Kn and r* at
H= 0.5, Pr= 0.7, Gr/Re= 200 (R= 1).
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Figure 8b Plots of Nu for different values of Kn and r* at
H= 0.5, Pr= 0.7, Gr/Re= 200 (R= 1).
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Figure 9a Plots of Nu for different values of H and Kn at
Pr= 0.7, r* = 0.5, Gr/Re= 200 (R= r*).
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Figure 9b Plots of Nu for different values of H and Kn at
Pr= 0.7, r* = 0.5, Gr/Re= 200 (R= r*).
8 B.K. Jha et al.cylinder. Furthermore, at the center of the microannulus, the
fluid flow is not affected by mixed convection parameter
ðGr=ReÞ. Physically, increasing ðGr=Re > 0Þ means convection
current and pressure gradient support each other, hence,Please cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20results to an increase in fluid velocity while ðGr=Re < 0Þ shows
natural convection opposing the effect of the pressure gradient.
Moreover, for large values of mixed convection parameter
ðGr=ReÞ there exist reversed flow regions with negative velocity
values at the inner surface of the outer cylinder. Likewise, thistion flow in a vertical micro-concentric-annulus with heat generating/absorbing
16.08.005
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Figure 10a Plots of Nu for different values of H and Kn at
Pr= 0.7, r* = 0.5, Gr/Re= 200 (R= 1).
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Figure 10b Plots of Nu for different values of H and Kn at
Pr= 0.7, r* = 0.5, Gr/Re= 200 (R= 1).
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Figure 11a Plots of Nu for different values of Kn and Gr/Re at
H= 0.5, Pr= 0.7, r* = 0.5 (R= r*).
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Figure 11b Plots of Nu for different values of Kn and Gr/Re at
H= 0.5, Pr= 0.7, r* = 0.5 (R= r*).
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Figure 12a Plots of Nu for different values of Kn and Gr/Re at
H= 0.5, Pr= 0.7, r* = 0.5 (R= 1).
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Figure 12b Plots of Nu for different values of Kn and Gr/Re at
H= 0.5, Pr= 0.7, r* = 0.5 (R= 1).
Steady fully developed mixed convection flow 9reversed flow region is strongly dependent on pertinent param-
eters (Kn, r and H). In addition, flow reversal is possible at the
outer surface of the inner cylinder by considering negative val-
ues of mixed convection parameter.Please cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20Figs. 7a–8b report the combined effect of Knudsen number
ðKnÞ and ratio of radiuses (r) on the rate of heat transfer for
both heat generating and absorbing fluid at the outer surface
of inner cylinder and inner surface of outer cylinder respec-
tively. It is observed that for both heat generating andtion flow in a vertical micro-concentric-annulus with heat generating/absorbing
16.08.005
Table 1 Critical values of Gr
Re
 
for heat generating fluid at
different values of H and Kn.
H  GrRe

R¼0:5
Gr
Re

R¼1
Kn ¼ 0:00 0.5 273.7577 326.1884
1.0 272.9830 324.9478
1.5 271.6872 322.8725
4.0 257.0255 299.3998
Kn ¼ 0:05 0.5 308.6662 375.5072
1.0 282.3453 343.2337
1.5 278.3306 337.9332
4.0 249.4262 298.3082
Kn ¼ 0:08 0.5 332.3090 409.2647
1.0 294.9493 363.0125
1.5 289.7254 356.1863
4.0 254.2778 308.3902
Kn ¼ 0:10 0.5 348.5856 432.5415
1.0 304.6849 377.8303
1.5 298.7350 370.0598
4.0 259.3011 317.1092
Table 2 Critical values of Gr
Re
 
for heat absorbing fluid at
different values of H and Kn.
H  GrRe

R¼0:5
Gr
Re

R¼1
Kn ¼ 0:00 0.5 274.2730 327.0137
1.0 275.0441 328.2489
1.5 276.3248 330.3001
4.0 290.0486 352.2840
Kn ¼ 0:05 0.5 394.8168 480.5475
1.0 398.7685 485.7092
1.5 405.3436 494.3075
4.0 476.8151 588.5013
Kn ¼ 0:08 0.5 455.4073 561.1160
1.0 460.7584 568.0800
1.5 469.6635 579.6821
4.0 566.5856 706.9240
Kn ¼ 0:10 0.5 493.5613 612.6885
1.0 499.7478 620.7518
1.5 510.0440 634.1860
4.0 622.1658 781.5700
Table 3 Numerical comparison of the values of temperature
obtained in the present work with those obtained by Avci and
Aydin [14] Pr ¼ 0:7; r ¼ 0:5.
Kn R Temperature profiles Temperature profiles
Avci and Aydin [14] Present work ðH ! 0Þ
0:00 0.5 0.6120 0.6120
0.6 0.3490 0.3490
0.7 0.1266 0.1266
0.8 0.0661 0.0661
0.9 0.2360 0.2360
1.0 0.3880 0.3880
0:05 0.5 0.3197 0.3197
0.6 0.1810 0.1810
0.7 0.0657 0.0657
0.8 0.0343 0.0343
0.9 0.1224 0.1224
1.0 0.2013 0.2013
0:10 0.5 0.2144 0.2144
0.6 0.1222 0.1222
0.7 0.0443 0.0443
0.8 0.0231 0.0231
0.9 0.0827 0.0827
1.0 0.1359 0.1359
Table 4 Numerical comparison of the values of velocity
obtained in the present work with those obtained by Avci and
Aydin [14], Pr ¼ 0:7; r ¼ 0:5; Gr
Re
¼ 50.
Kn R Velocity profiles Velocity profiles
Avci and Aydin [14] Present work ðH ! 0Þ
0:00 0.5 0 0
0.6 1.1526 1.1526
0.7 1.5354 1.5354
0.8 1.3728 1.3728
0.9 0.8220 0.8220
1.0 0 0
0:05 0.5 0.4752 0.4752
0.6 1.1409 1.1409
0.7 1.3496 1.3496
0.8 1.2265 1.2265
0.9 0.8586 0.8586
1.0 0.3104 0.3104
0:10 0.5 0.6640 0.6640
0.6 1.1260 1.1260
0.7 1.2628 1.2628
0.8 1.1611 1.1611
0.9 0.8814 0.8814
1.0 0.4680 0.4680
10 B.K. Jha et al.absorbing fluid, the rate of heat transfer decreases with
increase in Knudsen number as well as ratio of radiuses at
the surfaces of the cylinders.
Figs. 9a–10b depict the effects of Knudsen number ðKnÞ
and heat generation/absorption parameter ðHÞ on the rate of
heat transfer for heat generating/absorbing fluid at the outer
surface of the inner cylinder and inner surface of the outer
cylinder, respectively. It is interesting to note that, an increase
in heat generation parameter decreases the rate of heat transfer
for heat generating fluid and increases the rate of heat transfer
for heat absorbing fluid at the outer surface of the inner
cylinder.
Figs. 11a–12b display the combined effects of mixed con-
vection parameter Gr
Re
 
and the Knudsen number ðKnÞ on thePlease cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20rate of heat transfer for both heat generating/absorbing fluid
at the outer surface of the inner cylinder and inner surface of
outer cylinder respectively. It is evident from these Figures
that, the rate of heat transfer is more significant at the outer
surface of the inner cylinder than that of inner surface of the
outer cylinder. In addition, increase in mixed convection
parameter enhances the rate of heat transfer at the outertion flow in a vertical micro-concentric-annulus with heat generating/absorbing
16.08.005
Table 5 Numerical comparison of the values of bulk temperature and Nusselt number obtained in the present work with those
obtained by Avci and Aydin [14], Pr ¼ 0:7; r ¼ 0:5.
Gr
Re
Kn Bulk temperature Nusselt number ðNu1Þ
Avci and Aydin [14] Present work ðH! 0Þ Avci and Aydin [14] Present work ðH! 0Þ
0:0 0.0 0.0218 0.0218 4.8890 4.8890
0.02 0.0152 0.0152 3.4414 3.4414
0.05 0.0100 0.0100 2.3827 2.3827
0.08 0.0072 0.0072 1.8223 1.8223
0.10 0.0059 0.0059 1.5753 1.5753
50 0.0 0.0378 0.0378 5.0253 5.0253
0.02 0.0269 0.0269 3.5082 3.5082
0.05 0.0179 0.0179 2.4129 2.4129
0.08 0.0129 0.0129 1.8387 1.8387
0.10 0.0059 0.0059 1.5870 1.5870
100 0.0 0.0538 0.0538 5.1695 5.1695
0.02 0.0385 0.0385 3.5778 3.5778
0.05 0.0257 0.0257 2.4439 2.4439
0.08 0.0186 0.0186 1.8554 1.8554
0.10 0.0154 0.0154 1.5988 1.5988
Steady fully developed mixed convection flow 11surface of inner cylinder while the reverse trend is noticed at
the inner surface of outer cylinder for both heat generating
and absorbing fluid.
Table 1 gives the ranges of critical values of mixed convec-
tion parameter Gr
Re
 
for heat generating fluid for different val-
ues of heat generation parameter ðHÞ and Knudsen number
ðKnÞ at the outer surface of inner cylinder and inner surface
of outer cylinder respectively. It is evident from Table 1 that,
increasing Knudsen number leads to increase in the magnitude
of critical value of mixed convection parameter at the surfaces
of cylinders. In addition, the role of heat generation parameter
is to decrease the magnitude of critical value of mixed convec-
tion parameter at the inner surface of outer cylinder and outer
surface of inner cylinder. Table 2 on the other hand presents
the effects of heat absorption parameter ðHÞ and Knudsen
number ðKnÞ on the critical values of mixed convection param-
eter for heat absorbing fluid. It is observed that, by increasing
heat absorption parameter as well as Knudsen number leads to
corresponding increases in magnitude of critical value of mixed
convection parameter at the inner surface of outer cylinder and
outer surface of inner cylinder.
Tables 3–5 present numerical comparison of the present
work for temperature, velocity, bulk temperature and Nusselt
number with those of Avci and Aydin [14] when the heat gen-
eration or absorption parameter is neglected ðH ! 0Þ. This
comparison gives an excellent agreement.
5. Conclusions
This study considered the fully developed mixed convection
flow of viscous, incompressible and heat generating/absorbing
fluid in a vertical micro-concentric annulus formed by two infi-
nite co-axial vertical cylinders. The effects of the heat genera-
tion/absorption parameter ðHÞ, mixed convection parameter
ðGr
Re
Þ, the Knudsen number ðKnÞ and the ratio of radiuses ðrÞ
on the temperature, velocity and rate of heat transfer which
is expressed as the Nusselt number ðNuÞ are discussed. ThisPlease cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20study exactly agrees with the finding of Avci and Aydin [14]
in the absence of heat generating/absorbing fluid. The main
findings are as follows:
1. It is found that temperature and velocity are decreasing
function of heat absorption parameter while an increasing
function of heat generation parameter.
2. The rate of heat transfer for both heat generation and
absorption case decreases with increase in ratio of radiuses
ðrÞ, heat generation parameter ðHÞ and Knudsen number
ðKnÞ while increases with increase in mixed convection
parameter ðGr=ReÞ and heat absorption parameter ðHÞ at
the outer surface of the inner cylinder. A reverse trend
occurs at the inner surface of the outer cylinder.
3. The rate of heat transfer is found to be higher at the outer
surface of the inner cylinder than inner surface of the outer
cylinder.
4. Reverse flow formation could be controlled by selecting
suitable value of Knudsen number and heat generation/
absorption parameter.Appendix A
The constants used in the work include the following:
C1¼C2½r
Y1ðHrÞY1ðHÞ
½J1ðHÞ rJ1ðHrÞ ;
C2¼ J1ðHÞ r
J1ðHrÞ
ðx2x4Þ½J1ðHÞ rJ1ðHrÞðx1x3Þ½Y1ðHÞ rY1ðHrÞ ;
wa ¼C1x1þC2x2
C3¼C4½K1ðHÞ r
K1ðHrÞ
½I1ðHÞ rI1ðHrÞ ;
C4¼ I1ðHÞ r
I1ðHrÞ
ðx5x7Þ½K1ðHÞ rK1ðHrÞþðx6x8Þ½I1ðHÞ rI1ðHrÞ ;
wb ¼C3x5þC4x6tion flow in a vertical micro-concentric-annulus with heat generating/absorbing
16.08.005
12 B.K. Jha et al.p1 ¼
2bvKnðr  1Þ
AH
; p2 ¼ C3I1ðHrÞ  C4K1ðHrÞ;
p3 ¼
½C3I0ðHrÞ þ C4K0ðHrÞ
AH2
;
p4 ¼
2bvKnð1 rÞ
AH
; p5 ¼ ½C3I1ðHÞ  C4K1ðHÞ;
p6 ¼
½C3I0ðHÞ þ C4K0ðHÞ
AH2
; p7 ¼
ð1 r4Þ
16A
;
p8 ¼
r2
2
 1
2
 r2 ln r
  ðx17  x14Þ
2ðx19 þ x16Þ ;
p9 ¼ x14 þ
x16ðx17  x14Þ
ðx19 þ x16Þ
  ð1 r2Þ
2
 
;
p10 ¼
C1½rJ1ðHrÞ  J1ðHÞ  C2½Y1ðHÞ  rY1ðHrÞ
AH3
;
p11 ¼
ðx18  x15Þ
2ðx19 þ x16Þ
1
2
þ r2 ln r  r
2
2
 
;
p12 ¼ x15 þ
x16ðx18  x15Þ
ðx19 þ x16Þ
  ðr2  1Þ
2
 
;
p13 ¼
C3½rI1ðHrÞ  I1ðHÞ  C4½K1ðHÞ  rK1ðHrÞ
AH3
;
p14 ¼
ðx20  x21Þ
2ðx19 þ x16Þ
1
2
þ r2 ln r  r
2
2
 
;
p15 ¼ x21 þ
x16ðx20  x21Þ
ðx19 þ x16Þ
  ðr2  1Þ
2
 
x1 ¼ J0ðHrÞ þ 2bTKnð1 rÞHJ1ðHrÞ;
x2 ¼ Y0ðHrÞ þ 2bTKnð1 rÞHY1ðHrÞ
x3 ¼ J0ðHÞ  2bTKnð1 rÞHJ1ðHÞ;
x4 ¼ Y0ðHÞ  2bTKnð1 rÞHY1ðHÞ
x5 ¼ I0ðHrÞ  2bTKnð1 rÞHI1ðHrÞ;
x6 ¼ K0ðHrÞ þ 2bTKnð1 rÞHK1ðHrÞ;
x7 ¼ I0ðHÞ þ 2bTKnð1 rÞHI1ðHÞ;
x8 ¼ K0ðHÞ  2bTKnð1 rÞHK1ðHÞ;
x9 ¼ bvKnð1 r
Þr
A
;
x10 ¼ 2bvKnðr
  1Þ
AH
½C1J1ðHrÞ þ C2Y1ðHrÞ;
x11 ¼ 2bvKnð1 r
Þ
r
x12 ¼ r
2
4A
; x13 ¼ ½C1J0ðHr
Þ þ C2Y0ðHrÞ
AH2
;
x14 ¼ 4bvKnðr
  1Þ  1
4A
; x16 ¼ 2bvKnðr  1Þ
x15¼ 2bvKnð1 r
Þ½C1J1ðHÞþY1ðHÞ
AH
½C1J0ðHÞþC2Y0ðHÞ
AH2
;
x17¼ x9x12; x18¼ x10x13;Please cite this article in press as: Jha BK et al., Steady fully developed mixed convec
fluid: An exact solution, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asej.20x19 ¼ ðln r  x11Þ; x20 ¼ p1p2 þ p3; x21 ¼ p4p5 þ p6;
x22 ¼ p7 þ p8 þ p9;
x23 ¼ p10 þ p11 þ p12;
x24 ¼ ðx18  x15Þ
rðx19 þ x16Þ 
½C1J1ðHrÞ þ Y1ðHrÞ
AH
;
x25 ¼ ð1 r
2Þ
2x22
r
2A
þ ðx17  x14Þ
rðx19 þ x16Þ
 
x26 ¼ x23
x22
ðx14  x17Þ
rðx19 þ x16Þ 
r
2A
 
 x24
x27 ¼ p13 þ p14 þ p15;
x28 ¼ ðx20  x21Þ
rðx19 þ x16Þ 
½C3I1ðHrÞ þ K1ðHrÞ
AH
;
x29 ¼ x27
x22
ðx14  x17Þ
rðx19 þ x16Þ 
r
2A
 
 x28
x30 ¼ x28 þ x27
x22
1
2A
þ ðx17  x14Þðx19 þ x16Þ
 
;
x31 ¼ ðx18  x15Þðx19 þ x16Þ 
½C1J1ðHÞ þ C2Y1ðHÞ
AH
;
x32 ¼ ðr
2  1Þ
2x22
1
2A
þ ðx17  x14Þðx19 þ x16Þ
 
;
x33 ¼ x31 þ x23
x22
1
2A
þ ðx17  x14Þðx19 þ x16Þ
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